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We derive an effective theory on the orbifold branes of the Randall-Sundrum 1 (RS1) braneworld
scenario in the presence of a bulk brane. We concentrate on the regime where the three branes are
close and consider a scenario where the bulk brane collides with one of the orbifold branes. This
theory allows us to understand the corrections to a low-energy approach due to the presence of higher
velocity terms, coming from the Kaluza-Klein modes. We consider the evolution of gravitational
waves on a cosmological background and find that, within the large velocity limit, the boundary
branes recover a purely four-dimensional behavior.
PACS numbers: 98.80.Cq 04.50.+h 11.25.Wx
Recently, new scenarios have been suggested for a po-
tential explanation for the creation of a hot big bang
Universe [1]. The realization of such scenarios strongly
depends on the possibility of a brane collision embed-
ded in a higher-dimensional bulk. Motivated by this
idea, an effective theory for a close brane system was
addressed in Refs. [2, 3, 4, 5](See Refs. [6, 7] for related
issues). The procedure used in these papers has been de-
veloped in order to consider the high energy corrections
to the low-energy theory within a close-brane regime. In
this regime, we assume that the separations between the
branes are much shorter than the bulk curvature scale.
Recently cosmological perturbations was also discussed
in [8], where an expansion in the brane velocities has in-
stead been proposed. As a specific example, the effective
theory on a bulk brane colliding with the orbifold branes
has been studied in our previous paper [2]. The bulk
brane has numerous specific features due to the reflec-
tion asymmetry across the bulk brane. In the ekpyrotic
scenario [1], however, our Universe is assumed to be on
one of the orbifold branes. Thus the aim of this report
is to extend our previous study to the discussion for the
boundary branes when such a bulk brane is.
For this purpose, we first describe the system in de-
tail. Then we derive the effective theories on both orb-
ifold branes and consider the evolution of tensor pertur-
bations. We show that the tensor perturbations follow an
equation which is different from what would be expected
from a four-dimensional low-energy approach.
We consider the RS1 model [9] with an additional bulk
brane between the two orbifold branes. The reflection
symmetry is imposed for the two orbifold branes. On
the other hand, no such reflection symmetry is imposed
across the bulk brane [14] (See Refs. [10] for general
issues on reflection asymmetric branes). The five dimen-
sional metric of the bulk spacetime on both side of the
bulk brane is
ds2± = e
2ϕ±(y,x)dy2 + gµν(y, x)dx
µdxν , (1)
where y is the coordinate of extra dimension, and the
index + (resp. −) represents the bulk region located be-
tween the bulk brane and the positive (reps. negative)
tension orbifold brane, which is located at y = y+ (resp.
y = y−). The location of the bulk brane is y = y0 and
we can suppose y+ < y0 < y− without loss of general-
ity. The gauge in (1) is chosen such that the branes are
fixed to these given locations. The system is governed
by the Einstein-Hilbert action with negative cosmologi-
cal constant Λ± = −6/κ2ℓ2±, ℓ± being the bulk Anti-de
Sitter curvature. The brane action is the Nambu-Goto
one with the four-dimensional action for matter fields lo-
calized on that brane. Due to the presence of boundary,
the Gibbons-Hawking terms should also be introduced
[11].
In the frame (1), the modified Einstein equation on the
orbifold branes is written as [3, 12]
(4)Rµν (yI) = −
4
ℓ2I
δµν +K(yI)K
µ
ν (yI) + e
−ϕI∂yK
µ
ν (yI)
+e−ϕIDµDνe
ϕI |yI , (2)
where Kµν is the extrinsic curvature defined by K
µ
ν =
1
2e
−ϕIgµα∂ygαν and the index I = ± represents the posi-
tive or negative tension brane. Dµ is the covariant deriva-
tive with respect to the induced metric gµν(yI , x) on the
brane. For the orbifold branes, the presence of the reflec-
tion symmetry allows us to specify uniquely the extrinsic
curvatureKµν (yI) through the Israe¨l matching conditions
[13]. These junction conditions relate the extrinsic cur-
vature to the stress energy tensor (I)T µν of matter fields
localized on the brane:
Kµν (yI) = −
1
ℓI
δµν − I
κ2
2
(
(I)T µν −
1
3
δµν
(I)T
)
. (3)
In what follows, we will focus on the evaluation of
∂yK
µ
ν (yI) in (2), which is the only unknown quantity.
Since we are interested in a close-brane limit, we will use
a Taylor expansion for the current system. We first note
2that, using Taylor expansion around y = yI and the re-
cursive relation ∂nyK
µ
ν (yI) = OˆI∂
n−2
y K
µ
ν (yI)(yI − y0)−2,
Kµν (y0) can be written as [2, 4, 5]
IKµν (y0) = cosh
√
OˆIK
µ
ν (yI)
+(y0 − yI) sinh
√
OˆI√
OˆI
∂yK
µ
ν (yI), (4)
where the operator OˆI is defined below. This gives us
the following expression for the derivative of the extrinsic
curvature:
e−ϕI∂yK
µ
ν (yI) =
I
dI
√
OˆI
sinh
√
OˆI
(
IKµν (y0)
−cosh
√
OˆIK
µ
ν (yI)
)
, (5)
where dI represents the distance between the bulk brane
and the orbifold brane:
dI ≡ eϕI(x) |y0 − yI | (6)
and ±Kµν (y0) := limǫ→0K
µ
ν (y0 ∓ ǫ). The action of the
operators Oˆ on any four-dimensional symmetric tensors
Sµν are defined by
OˆIJ ≡ |(y0 − yI)(y0 − yJ)|UˆIJ I, J = ± (7)
UˆIJS
µ
ν = D
µeϕIDαe
ϕJSαν +Dνe
ϕIDαe
ϕJSµα
−DαeϕIDαeϕJSµν . (8)
For the brevity, we used the notation of OˆII = OˆI . In
general, |DµdI | is of order |DµdI | = O(d0I), (See Refs. [4,
5] for details). The operator OˆIJ is therefore of the same
order: OˆIJ = O(DdI DdJ ) = O(d0Id0J ). Note that the
operator OˆIJ here is defined with respect to the orbifold
brane metric.
In the expression (5), IKµν (y0) is still unknown quan-
tity. Let then decompose IKµν (y0) into two parts as
IKµν (y0) = −I
1
2
∆Kµν (y0) + K¯
µ
ν (y0), (9)
where ∆Kµν (y0) is the part which can be determined by
the junction condition at y = y0:
∆Kµν (y0) :=
−Kµν (y0)− +Kµν (y0)
=
(
1
ℓ+
− 1
ℓ−
)
δµν − κ2
(
(0)T µν −
1
3
δµν
(0)T
)
.(10)
In the above (0)T µν is the energy-momentum tensor of
matter fields localized on the bulk brane. K¯µν (y0) is the
averaged part (or “asymmetric” term) defined by
K¯µν (y0) :=
1
2
(
+Kµν (y0) +
−Kµν (y0)
)
. (11)
Using the result of Ref. [2], in the close-brane regime,
the asymmetric term can be expressed as:
K¯µν (y0) = Lˆ Z
µ
ν , (12)
where
Lˆ = −

 1
d−
√
Oˆ−
tanh
√
Oˆ−
+
1
d+
√
Oˆ+
tanh
√
Oˆ+


−1
(13)
and
Zµν ≡
∑
I=±
[
I
dI
DµDν |y0dI −
1
dI
√
OˆI
sinh
√
OˆI
Kµν (yI)
− I
2dI
√
OˆI
tanh
√
OˆI
∆Kµν (y0)
]
. (14)
In Eqs. (13) and (14), the operator OˆI is defined on
the bulk brane as OˆI := (y0 − yI)2 UˆII , where Dµ is
the covariant derivative with respect to the bulk brane
metric. Since we are working in a close-brane regime,
gµν(y0) = gµν(y±) +O(d), and then
Oˆ|y0 = Oˆ|yI +O(d). (15)
In the current approximation, we can therefore simply
replace Oˆ in the expression for K¯µν (y0) by the operator
on the orbifold branes.
The remaining task to obtain the effective theory on
the orbifold branes is to write down DµDνdI |y0 in terms
of quantities on the orbifold branes. This can be per-
formed using the Taylor expansion:
DµDνe
ϕI |y=y0 =
∑
n≥0
(yJ − y0)n
n!
∂ny (D
µDνe
ϕI )|y=yJ ,
(16)
with
∂2ny (D
µDνe
ϕI )|y=yJ = −UˆJIUˆn−1J ∂yKµν (yJ ) (17)
and
∂2n−1y (D
µDνe
ϕI )|y=yJ = −UˆJIUˆn−1J Kµν (yJ ). (18)
Eqs. (17) and (18) are derived from the expression for
derivative of the Christoffel symbol(See Ref. [4] for the
detail). As a result, one has
1
dI
DµDνdI |y=y0 =
1
dI
DµDνdI |y=yJ
− 1
dI
OˆJI
cosh
√
OˆJ − 1
OˆJ
(
dJR
µ
ν (yJ )−DµDνdJ |yJ
)
−J 1
dI
OˆJI
sinh
√
OˆJ√
OˆJ
Kµν (yJ), (19)
3where we used the equation
∂yK
µ
ν = e
ϕ(4)Rµν −DµDνeϕ +O(d). (20)
Substituting Eq. (19) into Eq. (12)(with Eq. (9)), we
can write down the extrinsic curvature on the bulk brane
in terms of the quantities on the orbifold branes. Then
we can compute the derivative of the extrinsic curvature
on the orbifold branes, ∂yK
µ
ν (yI), from Eq. (5). All
ingredients for the derivation of the close-brane effective
theory (2) are therefore presented.
But first, one may concentrate on the trace part of
the four-dimensional Ricci tensor which is determined
through the Hamiltonian constraint as
(4)R(yI) = −Kαβ (yI)Kβα(yI) +K2(yI)−
12
ℓ2I
= O(d0).
(21)
Then it is turned out to be negligible compared to the
traceless part of the Ricci tensor because the traceless
part is order of O(d−1).
The equation for the radion may be derived using
the tracelessness property of the projected Weyl tensor
Eµν(yI) :=
(5)Cy µyν(yI). On the orbifold branes, E
µ
ν (yI)
becomes [12]
Eµν (yI) = −e−ϕI∂yKµν (yI)− e−ϕIDµDνeϕI |yI
+O(d0). (22)
Using the fact of Eµµ (yI) = 0, we obtain the Klein-Gordon
equation for the radion dI as
D2dI |yI = −Iδνµ
√
OˆI
sinh
√
OˆI
(
IKµν (y0)
−cosh
√
OˆIK
µ
ν (yI)
)
. (23)
Finally the effective theory on the orbifold branes is de-
rived as
(4)Gµν (yI) =
1
dI
(
δµβδ
α
ν − δµν δαβ
)[
DβDαdI |yI
+I
√
OˆI
sinh
√
OˆI
(
IKβα(y0)− cosh
√
OˆIK
β
α(yI)
)]
, (24)
where IKµν (y0) can be expressed in terms of Z
µ
ν and
∆Kµν (y0) using Eqs. (9) and (12). The tensor Z
µ
ν can
be written in the terms of ∆Kµν (y0) and K
µ
ν (yI). For
that we substitute Eq. (19) for 1
dI
DµDνdI |y=y0 into the
expression (14) for Zµν and then
Zµν =
∑
J=±
1
dj
[
J
{
DµDνdJ |yI − IOˆIJ
sinh
√
OˆI√
OˆI
Kµν (yI)
− OˆIJ cosh
√
OˆI − 1
OˆI
(
dIR
µ
ν (yI)−DµDνdI |yI
)}
−
√
OˆJ
sinh
√
OˆJ
Kµν (yJ)− J
√
OˆJ
2 tanh
√
OˆJ
∆Kµν (y0)
]
. (25)
The effective theory (24) is the main result of this brief
report and may be used for any studies within the close-
brane regime. In particular this regime is of interest if one
considers a bulk brane colliding with a boundary brane,
and wishes to understand the propagation of the pertur-
bations throughout this process. As we shall see below
the behavior is different from the low-energy prescription.
As a concrete example, we consider the branes to be
empty at the background level (except for a canonical
tension) such that (Iˆ)T µν = 0, for Iˆ = ±, 0. We then study
the evolution of tensor perturbations generated by small
stress-energy tensor (Iˆ)δT ij on the branes at the perturbed
level. The sources (Iˆ)δT ij are taken to be tensor-like such
that (Iˆ)δT jj = 0 and
(Iˆ)δT ij,i = 0. We take the metric on
the orbifold branes to be
ds2 = −dt2I + a2I(t)
(
δij + hij(yI)
)
dxidxj
= a2I(τ)
[
−dτ2I +
(
δij + hij(yI)
)
dxidxj
]
, (26)
where tI and τI are the cosmic time and conformal time
on the orbifold branes. We may point out that Oˆ+ and
Oˆ− commute for linear perturbations as pointed out in
[2]. The linear part of Ricci tensor is
δRij(yI) =
1
dI
δ(DiDjdI) + I
√
OI
sinh
√
OˆI
(
δIKij(y0)
−cosh
√
OˆIδK
i
j(yI)
)
, (27)
which leads us to the linearized equation for the gravita-
tional waves hij(y±) on the orbifold branes after long but
straight-forward calculations:
⊡ˆ±h
i
j(y±) = −κ2a2±Ω±(eff,±)δT ij , (28)
where
⊡ˆ± := η
µν∂µ∂ν − 1U±
d′+d
′
−
d+d−
(
1
tanhd˙+
+ 1
tanhd˙−
)
∂τ±(29)
U± =
d˙±
d±
(
1
tanhd˙+
+ 1
tanhd˙−
)
± 1
sinhd˙±
(
d˙+
d+
− d˙−
d−
)
(30)
Ω± =
1
U±
d˙+
d+
d˙−
d−
, (31)
and the effective stress-energy (eff,±)δT ij is given in terms
of the stress-energy tensors (Iˆ)δT ij on the branes:
(eff,±)δT ij =
(
1 +
1
tanhd˙+tanhd˙−
)
(±)δT ij
+
1
sinhd˙+sinhd˙−
(∓)δT ij
+2
coshd˙∓
sinhd˙+sinhd˙−
(0)δT ij . (32)
In particular we may be interested in the large velocity
limit (|d˙I | ≫ 1). In this limit, the linearized equation
4becomes(
ηµν∂µ∂ν −
d′∓
d∓
∂τ±
)
hij(y±) = −a2±κ2
d˙∓
d∓
(±)δT ij . (33)
The perturbations on a given orbifold brane only depend
on its own matter content and do not depend on the ones
on the bulk brane and the other orbifold brane. Here note
that the matter content of the other branes contribute
at small velocities. This is a remarkable result since this
high-energy theory reproduces an exact four-dimensional
behavior without any backreaction from the presence of
the other branes, which would not be the case in a low-
energy regime. In Eq. (33), one might be surprised by the
presence of the quantity d˙∓/d∓ rather than d˙±/d±. But
within the close-brane behavior, we may recall that d± =
d˙±τ + O(τ2), and hence d˙+/d+ ∼ d˙−/d− ∼ 1/τ , which
is precisely the factor expected from a four-dimensional
theory [5].
As a consistency check, we may also consider the spe-
cial case where the reflection symmetry is imposed by
hand across the bulk brane. The two orbifold branes
should be identified and one can set d+ = d− =: d,
a+ = a− = a and
(+)δT ij =
(−)δT ij =: δT
i
j so that the
linearized equation for tensor perturbations becomes(
ηµν∂µ∂ν − d
′
d
∂τ±
)
hij(y±)
= −κ2a2 d˙
d
(
1
tanhd˙
δT ij +
1
sinhd˙
(0)δT ij
)
,(34)
which is consistent with the result obtained in Ref. [5]
which explored a two-brane system with the reflection
symmetry.
Finally we summarize our current study. In a previ-
ous work we derived the effective theory for a bulk brane
in the context of the RS1 braneworld model. In this
brief report, we derived the effective theory for orbifold
branes within the same setup. In the close-brane regime,
the metric on the orbifold branes and the bulk brane
are trivially related to each other. However, we would
like to stress that the individual derivation of the effec-
tive theory for each brane is important for the physi-
cal interpretation on the time evolutions as well as for
fixing the initial conditions. We have therefore derived
separately the effective close-brane theory on the orb-
ifold branes and have recovered the similar main features
found for the bulk brane. The difference appears in the
gravitational coupling. Nevertheless, within the large-
velocity limit, the behavior of the branes becomes purely
four-dimensional and decouples entirely from the other
branes, which is not the case within a low-energy regime.
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